Sept 07, 2016 Solution
Analysis 111 - MIDTERM Exam - Semester I

1. Let m > 1 and K a compact subset of R™ x {0}. Then show there is a function f : R™*1 — R
such that

(a) f is continuous in each of the m + 1 variables separately, and
(b) f is continuous at z € R™*1 iff 2 ¢ K.

Solution: We denote by d(x, M) the distance of a point x € X from M whenever M is a closed
subset of a metric space (X, d). Recall that this is defined as

d(x, M) = yiélj&d(x,y).

Since K is a compact subset of R™*! x 0, it must be of the form K = K’ x {0} for some compact
set K CR™. Let z € Rt 2 = (z,y), with x € R™,y € R. We define the function f: R™*! — R
as follows:

d(z,K')y P ¢ K

2) = f((z = (zK)%"
£:) = H(() {;;;K_

It is clear that f defined this way is continuous outside K. On K, we prove that it is continuous
in each of the (m+1) variables separately. Consider the variable z; for ¢ # m + 1, and a point

z=(29,---,29,--- 2% ,0) € K. Then as z; — 2? from outside K,
(29, 2, ,20), K)(0
lim f(x(l)v"'axia"'azgnao): (( é’ — : m) )(l
@i —a? d((23,--- @i, ,29,,0), K)
=0.
Next, we show continuity in the variable x,, 1. Let 2 = (29,--- ,2%,,0) € K. Then as 2,41 — 0

from outside K,

lim f(z2,--- a0 0):d((ff(f,m,x?n),K’)(me)

Tm+1—0 T d((x?’ ,x%,xm+1),K)2
_ Omerl
d((x(l)7 e amgnaxm-‘rl)a K)2
=0.

Hence f is continuous in each of the m + 1 variables. Finally, we show that f is discontinuous at
z € K. It can be seen that for z ¢ K,

d(z, K')y

d(z, K)?
_d(z, Ky
d(z, K7)? 4y

f(2) = f((z,y)) =

Choose y = md(z, K'). Then as x — z9 € K', y — 0. Then f(z) = T4 hence proving the
discontinuity on K. O



2. (a) State and prove the chain rule for differentiable functions on domains in Euclidean space.

(b) Let A\ > 0, and define f : R™ — R by f(x) = ||z||*. For what values of X is f continuously
differentiable? Justify your answer.

Solution:

(a) See Theorem 9.15 in [1].

(b) We claim that the function f(x) = ||z||* is continuously differentiable iff A > 1. The only
possible point where the function may not be differentiable is at z = 0. For A > 1,
A_ Q. A
N R

z—0 llz]| 250 ||z

— lim 2]
x—0
=0.

Hence for A > 1, f is differentiable with derivative 0 at the origin. For A < 1, consider the
function g : Range (f) — R given by g(||z|*) = |21]*, where z = (1, ,2). As go f is
not continuously differentiable and g is continuously differentiable, by the chain rule, f is not
continuously differentiable.

3. (a) Letz,y,z € R™ and a < b < c be real numbers. Then show that ===
segment joining =" and Z=%.
(b) Using part (a), show that if a,b € R™, f is a differentiable function on a neighbourhood of
[a, b] into R™, then there is an x € [a,b] such that || f(b) — f(a)|| < ||b— alll|f'(z)]]-

(¢) Give an example to show that equality may not be possible in part (b).

belongs to the closed line

Solution:

(a) Tt suffices to find ¢ € [0, 1] such that

y—x z—y zZ—x
1—-t t = . 1
( ) b—a + c—b c—a (1)
Comparing coeflicients of z,y, z in (1) yields t = g:g.

(b) Counsider the map ¢ on [0, 1] C R given by

¢(t) = (f(b) = f(a)) - (f((1 = )a +b)).

Then ¢ : R — R is differentiable on (0,1) and continuous on [0, 1], hence we can apply the
mean value theorem to obtain tg € [0, 1] such that

$(1) = ¢(0) = (f(b) — f(a)) - f'((1 — to)a + tob) (b — a).
On the other hand,
¢(1) — ¢(0) = [ f(b) — f(a)]|*.
Hence, by applying the Cauchy Schwarz inequality in R™, we get
1£®) = f@)]I* < [Ib = allll£(b) = f(@)][[lf'((1 = to)a + tob)].

As (1 —tg)a + tob € [a, b], we are done.



(c) Let f :[0,27] — R? be defined by f(z) = (cosz,sinz). Then f'(x) =
|f'(z)]|> = 1Vz € (0,27). On the other hand, ||f(27) — f(0)||*> = 0.

4. Let f:R™ — R™ be continuously differentiable. Suppose f'(x) is invertible for all x € R™. Then
show that f is an open map, that is, f(U) is open for all open subsets U of R™.

{ —sinz

. Hence
Ccos T

Solution: Let U € R™ be an open set. By the inverse function theorem, for each x € U, there
exists open sets U, C U and V,, such that f(U,) = V,. Since f(U) = f(UzevUsz) = UzexVz, f(U)

is open.

5. Let GL(n,R) denote the group of all invertible linear operators on R™ to R™. Show that the function
f:GL(n,R) — GL(n,R) defined by f(A) = A~1 is continuous.

Solution: Note that for A, B € GL(n,R),
At B l=A"YB-A)B".

Hence
A== B7H| < [A7HIIB~HIB - A.

Thus if A, A € GL(n,R) and Ax — A, then
A~ = At < ||A71H51;P||A/;1||||A — Ag.

Thus f is continuous.

6. Give an example of a function f : R™ — R such that all the partial derivatives of f exist everywhere
but f is not differentiable. Justify your answer.

Solution: Let f:R™ — R be defined as follows:

0, (z1,--- ,zy) =0.

f(xl’... 7.7;”) =

Then the partial derivative of f with respect to each z; exists but f is not continuous at the origin
and hence not differentiable.

It is easy to see that each partial derivative at the origin is given by:

oz, (0 = Jimy h

=0.

On the other hand, choosing the path x; = mz; for i # 1 and x7; — 0 gives

mnfl

li L S
(xh...l,rfn)ﬁof(xl’ 7n) 14+ (n—1)mn

Hence the function is not even continuous at the origin.
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